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It is shown that the exis tence of c r i t i ca l  modes  of operat ion of a sonic gas e jec tor  with a cy l -  
indrical  mixing chamber  can be de termined by one of the t h e o r e m s  of the t he rmodynamics  of 
i r r e v e r s i b l e  p r o c e s s e s ,  the Pr igogine  theorem.  

Let us consider  f r o m  the point of view of the the rmodynamics  of i r r e v e r s i b l e  p r o c e s s e s  the operat ion 
of a sonic gas e jec to r  with a cyl indrical  mixing chamber  (Fig. 1), with the idea of proving that the exis tence 
of c r i t ica l  modes  of operat ion of gas e j ec to r s  can be de te rmined  by one of the t h e o r e m s  of the t h e r m o d y n a m -  
ics  of i r r e v e r s i b l e  p r o c e s s e s ,  the p r igogine  theorem.  

We will a s sume  that 1) the specif ic heat capac i t ies  Cp and c v of the eject ing and ejected gases  and of 
the gas mixture  at the exit f r o m  the mixing chamber  of the e jec tor  do not depend on the t e m p e r a t u r e  and 
a re  identical,  2) the flows of these gases  a re  one-dimensional ,  3) the stagnation t e m p e r a t u r e s  of the e j ec t -  
ing and ejected gases  a re  equal, and 4) wall f r ic t ion and heat  t r a n s f e r  through the wails  of the mixing c h a m -  
be r  a re  absent.  

With these assumpt ions  the geomet r ica l  and gas -dynamic  p a r a m e t e r s  of the e jec tor  under cons ide ra -  
tion are  related,  as shown in [1-3], by the following equations: 

To3 = To1 = To,, 
" ( 1 )  

Po__k~ = .~z (1-F n) 1 
Po~ l +  ~ q(Za) ' (2) 

PoA3 = I q- n q (~'~) (3) 
Po~ n ( t +  a) q(Zz) 

14- z (;%) =- nz (k 2) (4) 
l §  

In the equations presented ,  which are  the consequence of the laws of conserva t ion  of energy,  m a s s ,  
and momentum,  T o and P0 are  the stagnation t e m p e r a t u r e  and p r e s s u r e ;  a = F1/F z is the rat io  of c r o s s -  
sectional a r e a s  of the eject ing and ejected gases  at the ent rance  to the mixing chamber ;  n = G2/G 1 is the 
rat io  of m a s s  flow r a t e s  of these  gases  or  the ejection coefficient; ~ is the veloci ty  coefficient;  

I 

Fig. 1. Schemat ic  d iagram of e jec tor .  
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where  ~ = Cp/Cv; 
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Typical  th ro t t l e  c h a r a c t e r i s t i c s  of e j ec to r .  
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and f inal ly,  the indices  1, 2, and 3 denote the p a r a m e t e r s  of the e jec t ing  and e jec ted  g a s e s  at  the en t r ance  
to the mixing  c h a m b e r  and of the g a s  m i x t u r e  at the exit  f r o m  the mixing c h a m b e r  of the e j ec to r ,  r e s p e c -  
t ive ly  (see Fig.  1). 

It fol lows f r o m  Eqs.  (2) and (3) that  

q (Z2) : al]on, (6) 

where  II 0 = p01/P02 is the ra t io  of s tagnat ion p r e s s u r e s  of the e jec t ing  and e jec ted  gases .  

Equat ion (4), the des ignat ion  (5), and Eq. (6) show that  f o r  f ixed va lues  of ~, II 0, and n the c o n s e r -  
va t ion laws al low two solut ions  fo r  the ve loc i ty  coef f ic ien t  ~3: 

~* = z (7~3) - -  ,, z '~ (~3) - -  I , 

! Z* * = z (;~3) =- I z ~ (~3) - -  1 

The f i r s t  of these  solut ions  c o r r e s p o n d s  to subsonic  and the second to supe r son ic  flow at the exit  f r o m  the 
e j e c t o r  mixing  c h a m b e r ,  s ince  

3 - - 1 ,  

No ana ly t ica l ly  o r  phys ica l ly  just i f ied ru l e s  f o r  choos ing  the coeff ic ient  X 3 f r o m  ~ '  o r  X~* exis t  at 
p r e sen t .  This  leads  to the fact  tha t  at f ixed va lues  of ~,  II o, and P4, the p r e s s u r e  in the space  where  the 
d i s c h a r g e  f r o m  the e j e c t o r  mixing  c h a m b e r  occu r s ,  the conse rva t i on  laws (1)-(4) a r e  sa t i s f ied ,  gene ra l ly  
speaking,  by an infinite se t  of va lues  of n. 

The r e s u l t s  of: a t e s t  of the e j e c t o r  under  cons ide ra t ion  at f ixed va lues  of v~ and II 0 can be r e p r e s e n t e d  
in the f o r m  of the dependence on n of PoJp02, which is obtained upon a d e c r e a s e  in the p r e s s u r e  P4. In a c -  
c o r d a n c e  with these  r e s u l t s  (see, f o r  e x a m p l e ,  Fig .  2, b o r r o w e d  f r o m  [4], where  P04 is the total  p r e s s u r e  
at the exit  f r o m  the e j e c t o r  d i f fuser)  the e jec t ion  coef f ic ien t  n f i r s t  i n c r e a s e s  with a d e c r e a s e  in the p r e s -  
s u r e  P4 and then a f t e r  r each ing  some  c r i t i c a l  va lue  n c r  it r e m a i n s  constant .  At suber i t i ca l  modes  of e j e c -  
t o r  ope ra t ion  ( co r re spond ing  to the sec t ions  AB of the dependences  of Poa/P20 on n in Fig.  2) the flow ve loc i ty  
at the exi t  f r o m  the mixing  c h a m b e r  is subsonic ,  i . e . ,  ~3 = )~', while in the s u p e r c r i t i e a l  modes  ( c o r r e -  
sponding to sec t ions  BC in Fig.  2) it is Supersonic ,  i . e . ,  A3 = A~*. In the subc r i t i ca l  modes  P3 = P4, while 
in the s u p e r c r i t i c a l  modes  P3 < P4, in connect ion  with which one shock  wave o r  a s y s t e m  of shock waves ,  in 
which the p r e s s u r e  P3 exceeds  P4, develops  at the exi t  f r o m  the e j e c t o r  in these  modes .  

The ex is tence  of c r i t i c a l  m o d e s  of opera t ion  of gas  e j e c t o r s  was  d i s c o v e r e d  expe r imen ta l l y  by M. D. 
Mil l ionshchikov and G. M. R y a b i n k o v .  Af te r  the d i s c o v e r y  these  modes  were  s tudied by I. I. Mezhi rov  
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Fig. 3. F o r m  of dependences 
** o n n .  of Pmi  and Pmi  

o ther  and a re  one-dimensional ;  

and G. I. Taganov, A. A. NikoPskii  and V. I. Shustov, Yu. N. Vas i l ' ev ,  
G. L. Grodzovskii ,  and other  authors  in whose r epo r t s  different me th -  
ods were  proposed for  determining ncr  which give prac t ica l ly  identical 
r e su l t s  in wide ranges  of (~, 110, etc. 

All the methods indicated above a re  based  on the same  point of 
view toward the nature  of the c r i t i ca l  modes  of e jec tor  operat ion a c -  
cording to which these  modes  a re  rea l ized  when the e jected gas reaches  
the speed of sound in some internal  section of the mixing chamber  (see 
Fig. 1), usual ly cal led the blocking section. 

The values  of ncr  which are  obtained by the method suggested in 
[5] a re  u s e d  below as the values  of ncr  cor responding  to this point of 
view. 

In addition to the s implifying assumpt ions  1), 2), and 4) fo rmula ted  
above the following assumpt ions  a re  made in [5]: the flows of the e j ec t -  
ing and ejected gases  up to the blocking sect ion do not mix with each 

the static p r e s s u r e s  of the eject ing and ejected gases  at the blocking s e c -  
tion differ  but a re  such that between the ent rance  section and the blocking section the momentum equation 
is satisfied.  

With all these  assumpt ions  the values  of n c r for  a sonic e jec tor  with a cyl indrical  mixing chamber  
and T01 = T02 can be de termined f rom the s y s t em of equations 

q (~c~) = ~H#Icr, 

q (;%or) 
q(~,~cr) = ncrIle [1 - - q  (i%,cr) ] + q (~cr) ' (7) 

where the index c r  designates  the c r i t i ca l  mode of e jec tor  operat ion while ' designates  the blocking section. 

In the c a s e  nor  = 0 the s y s t e m  (7) becomes  indeterminate  and the re fo re  it mus t  be t r a n s f o r m e d  again 
with the help of passage  to the l imi t  n c r =  0: 

(Z 

q ( ~ c r )  = ~ ------T- ' 

i 
I ( •  ) z - I  I 

n~ = -2  ~, 2 ' a [z (X;cr) - -  1 ] 

This  sys t em de te rmines  110 and nor  = 0. 

(S )  

It  is important  to note in addition that the values  of ncr  de te rmined  by sy s t em (7) a re  in sa t i s fac to ry  
ag reemen t  with the exper imenta l  va lues  of ncr  in wide ranges  of a and n 0. 

After  these p r e l im ina ry  but subsequently needed r e m a r k s  let  us introduce into the discussion the con-  
cept  of the production of entropy in the e jec tor  mixing chamber  and then, operat ing with this concept,  we 
will make use of the second law of t he rmodynamics  and Pr igogine '  s theorem.  

In accordance  with the definition (see [6], for  example) ,  the production of entropy P in any t h e r m o -  
dynamic s y s t e m  is  the inc rease  per  unit t ime  of that  pa r t  of the entropy which or ig ina tes  in the sy s t em i t -  
self: 

p = d i s  , (9) 
d t  

where diS is the inc rease  in ent ropy originat ing in the thermodynamic  s y s t e m  in the t ime  dt. 

It  follows f r o m  the definition (9) that  the production of entropy in the e jec to r  mixing chamber  is 

Pmi= (G 1 + G~) s z (G~sl -~- G.zs~), (1 O) 

where s is  the entropy of a unit m a s s  of gas  and (G 1 + G2)s 3 and Gls 1 + G2s 2 a re  the fluxes of entropy at the 
entrance and exit  sect ions of the mixing chamber ,  respec t ive ly .  
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Fig.  4. Dependenees  of nc r ,  n2, and n 3 on H 0. 

As  is known, the  en t ropy  of a unit  m a s s  of an ideal  gas  with the a c c u r a c y  of the cons tan t  equals  

s - -  C ~ - - - - R l n p  , 

where  ~ is the m o l e c u l a r  weight,  Cpt t is the m o l e c u l a r  heat  capac i ty  at cons tan t  p r e s s u r e ,  and R is the 
u n i v e r s a l  gas  cons tant .  If Cp/~ does not depend on the t e m p e r a t u r e  (and just  such a ea se ,  as  noted above,  
is c o n s i d e r e d  in the repor t ) ,  

s=B ( ~  

where  B is a spec i f ic  gas  cons tan t .  

T~ -1 

P0 

F r o m  this ,  with a l lowance fo r  Eqs .  (1)-(3), it fol lows that  Eq. (10) can be c o n v e r t e d  to the f o r m  

{ [ i -~- cr q Q'a)_ [ q(~'8) ]} (11) Pmi=BG1 In ~ ( 1 - - n )  - - n l n  n ( l @ a )  . 
1 --  n q (~'2) ' 

where  the coef f ic ien t  X 3 is d e t e r m i n e d  by Eq. (4) and k 2 by Eq. (6). 

Two va lues  of P m i  will f igure  below: P * i  c o r r e s p o n d i n g  to X 3 = k~ and P m i  c o r r e s p o n d i n g  to X 3 = X~* 

The ca l cu la t ions  show that  independent ly  of the va lues  of a and II 0 the dependences  of P ~ i  and P ~ *  
** on n (see Fig.  3) have the fo l lowing p r o p e r t i e s :  P * i ( n )  > 0 if 0 _< n - na, P**(n )  = --r162 if n = nl, Pmi(n)  

<0ifn l _ _ _ n _ < n  2, 0_< **  ** - Pmi(n)  < P * i ( n )  if n 2 -< n < n 3, P * i ( n )  = Pmi(n)  if n = n 3. 

In these  r e l a t i onsh ips  the value n~ c o r r e s p o n d s  to the m a x i m u m  poss ib le  value of z(X3) = ~/v/-142--1 
when X 3 > 1, i . e . ,  

•  IF• 
/'/'1 ~ 

) z - ' - - I  z ()"2) - -  z 
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Fig. 5. Comparison of n 2 and n 3 
with experimental values of ncr. 

where q(~) = alI0n 1, The value n 2 is that value of n at which the en-  
t ropy production P**  becomes equal to zero.  And finally, the value 
n 3 is the maximum possible value of the ejection coefficient, c o r r e -  
sponding to h 1 = h 2 = ~ = 1: 

1 
I~ 3 - -  

aII0 (12) 

Let us consider  the dependences P~i(n)  and ** Pmi(n) f rom the 
point of view of the second law of thermodynamics .  

According to the second law the production of entropy both 
within an entire isolated thermodynamic sys tem and within any of 
its par ts  can only be nonnegative. In other words, for  the ejector  
considered here  the following conditions must  always be satisfied: 

Pmi~" O, (13) 

dPml(1) >0,  (14) 
dl 

where l is the distance between the entrance section and an a rb i t r a ry  
internal section of the mixing chamber  and Pmi(l) is the entropy 
production between these sections.  

Since P~i(n)  > 0 for all values of n while P~n~(n) >- 0 for n >_ n2, in accordance with the condition (13) 
in the case when •3 = X{ all values of n are  possible,  i . e . ,  0 ~ n _< n 3, while in the case when ;~3 = ~ *  only 
values of n equal to or  g rea te r  than n 2 are  possible,  i, e . ,  n 2 ~ n -< n 3. 

Naturally it is not possible to control in general  fo rm the fulfillment of condition (14) when cons ider -  
ing only the entrance and exit sections of the e jector  mixing chamber.  However, it is c lea r  in advance that 
this condition is not satisfied when X 3 = ;~]** and n = n 2, and conversely,  it is satisfied when ~'3 = h~' or h 3 = h~* 
and n = ri 3. Actually, if condition (14) were satisfied in the f i r s t  of these cases  then this case ,  on the one 
hand, could actually be achieved, while on the other  hand it would be charac te r ized  by zero entropy produc-  
tion during the i r revers ib le  p rocess  of the mixing of the ejecting and ejected gases.  In the second case 
hi = ~2 = h3 = 1, and the entropy production between the entrance section and an a rb i t r a ry  internal section 
of the mixing chamber  will be the greater ,  the more  completely the p rocess  of mixing of the ejecting and 
ejected gases  takes place. Obviously, this p roces s  can only develop monotonically along the mixing chamber.  

The c i rcumstance  that condition (13) is always satisfied while (14) is not satisfied when ;~s = ~'~* and 
n = n 2 and is satisfied when ;~S = ~ *  and n = n s allows one to presume the existence of a value n x s tar t ing 
with which the conditions (13) and (14) are  satisfied simultaneously. This value n x (see Fig. 3) naturally 
must  lie between n 2 and n3: 

n~ < n~ -~ n3. 

Finally, let us use Pr igog ine ' s  theorem,  according to which the value of P must  be the least  of all 
possible values for  the given conditions: 

P : P m i n '  

We must  note f i rs t ,  however, that the Prigogine theorem is used here  in the formulat ion due to C, Kittel 
[7]: the stationary,  i . e . ,  independent of t ime, state of the sys tem in which the i r revers ib le  p rocess  occurs  
is the state having the least  value of entropy production compatible with the external conditions. 

Let us examine the p rocess  of a decrease  in the p res su re  Pt and an increase  in the ejection coefficient 
n with fixed values of a and rl 0. 

When that p r e s su re  P4 is reached at which the coefficient n becomes equal to nx, according to P r t g o -  
gine' s theorem a transit ion should take place f rom the mode for  which ~3 = h~' to the mode for  which ~'3 =/t~*, 
since P~i(nx)  is g rea te r  than P ~ ( n x ) .  With a fur ther  decrease  in P4 the coefficient n must  remain con-  
stant  according to P r igogine 's  theorem,  since the value of P~* (n x) is the smal les t  possible. 

The p rocess  of an inerease in P4 with fixed values of a and 110 can be examined in an analogous way, 
as well as the case  of the instantaneous establishment of some values of P4 and 1I 0 for a given value of a .  
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Thus,  f r o m  the  po in t  of v i ew of c l a s s i c a l  t h e r m o d y n a m i c s  and the t h e r m o d y n a m i c s  of i r r e v e r s i b l e  
p r o c e s s e s  the  ques t ion  of c h o o s i n g  the  c o e f f i c i e n t  ?'3 f r o m  the  v a l u e s  ?'3 = ?'~' and ?'3 = ?'2* which  a r e  a l l owed  
by the  c o n s e r v a t i o n  l a w s  and the  q u e s t i o n  of the  n a t u r e  of the  c r i t i c a l  mode  of o p e r a t i o n  of the  e j e c t o r  u n d e r  
c o n s i d e r a t i o n  a r e  i n t e r r e l a t e d :  f o r  f i xed  v a l u e s  of a and  II 0 the  v a l u e  X 3 = ?`~'* and the  c r i t i c a l  mode  a r e  
r e a l i z e d  f o r  the  s m a l l e s t  p o s s i b l e  v a l u e  of the  e n t r o p y  p r o d u c t i o n  Pi~l~t(nx). 

I t  f o l l ows  f r o m  the  d i s c u s s i o n  t ha t  n c r =  n x and n 2 < n c r  < n 3. 

H e r e  the  v a l u e  n 2 i s  d e t e r m i n e d  f r o m  the  cond i t ion  ** Pmi(n2) = 0 which,  a s  fo l lows  f r o m  (11), i s  e q u i v a -  
l en t  to the  s y s t e m  of e q u a t i o n s  

In ~z~2)z.2) q()~*) =-n21n n2(I~a)l~ ne qt.;~*)q0.2) = 0 .  

z(~.a**) - 1 +  n~z(~)  , (15) 
I +  n 2 

q ()~2) = aIIonv 

F o r  s m a l l  v a l u e s  of n 2 i t  i s  i nconven ien t  to  u s e  t h i s  s y s t e m ,  l i ke  the  s y s t e m  (7), s i n c e  at  n 2 = 0 the p r o d u e t  
n2z(X2) i s  e o n v e r t e d  to  i n d e t e r m i n a e y  of  the  type  0-  ~.  In eonnec t ion  with  t h i s ,  in add i t i on  to s y s t e m  (15) i t  
i s  a d v i s a b l e  to  have  a s y s t e m  o b t a i n e d  f r o m  (15) a f t e r  t r a n s i t i o n  to the  l i m i t  n 2 = 0: 

q (X**) --  a 
l + a  

1 

1 •  1 

~ [~ ( ~ * )  - i ]  

This  s y s t e m  d e t e r m i n e s  II 0 f o r  a g iven  ~ in the  e a s e  n 2 = 0. 

The v a l u e  n 3 i s  d e t e r m i n e d  f r o m  Eq.  (12): 

1 

c~l-I o 

Now the  q u e s t i o n  n a t u r a l l y  a r i s e s  of w h e t h e r  the  v a l u e s  of n c r  which  a r e  d e t e r m i n e d  by the  s y s t e m  of 
e q u a t i o n s  (7) and a r e  in s a t i s f a c t o r y  a g r e e m e n t ,  a s  no ted  above ,  wi th  the  c o r r e s p o n d i n g  e x p e r i m e n t a l  v a l -  
u e s ,  l i e  be tween  the  v a l u e s  n 2 and n 3 which  a r e  d e t e r m i n e d  by the  s y s t e m  (15) and Eq. (12). 

F o r  an a n s w e r  to  t h i s  ques t i on  the  d e p e n d e n c e s  ncr(II0),  n2(lI0) , and n3(H0) w e r e  c a l c u l a t e d  fo r  d i f -  
f e r e n t  v a l u e s  of  a .  

A s  fo l lows  f r o m  F ig .  4, w h e r e t h e s e  d e p e n d e n c e s  a r e  p r e s e n t e d  f o r  s e v e r a l  a ,  the  v a l u e s  n c r  l i e  b e -  
tween  n 2 and n3, wi th  n c r  only  s l i g h t l y  e x c e e d i n g  n 2 e s p e c i a l l y  a t  l a r g e  v a l u e s  of a and a t  s m a l l  and l a r g e  
v a l u e s  of II 0. (The m a x i m u m  v a l u e s  of II 0 c o r r e s p o n d i n g  to n e t  = 0 and n 2 = 0 a r e  the  s a m e ,  s i n c e  the  s y s -  
t e m s  of equa t i ons  (8) and (16) c o n v e r t  to one a n o t h e r  a f t e r  the s u b s t i t u t i o n s  ?`~cr = A3** and ?,]** = X]c r .  ) 

I t  m u s t  be no ted  tha t  the  d e p e n d e n c e s  ncr(II0) and n2(II0) fo r  ez = 0.4 and  the dependence  n2(II0) f o r  
= 1.0 a r e  p r e s e n t e d  in F i g .  4 f o r  t h o s e  v a l u e s  of n and II 0 fo r  which  the cond i t ion  of c r i t i c a l i t y  of the  d i s -  

c h a r g e  of the  e j e c t i n g  gas  into the  m i x i n g  c h a m b e r  i s  s a t i s f i e d :  

n (I) II0 > n (;.~), 

q 0~2) = aHon, (17) 

w h e r e  

( ) 
•  

The dependence  ncr(II0) f o r  a = 1.0 i s  p r e s e n t e d  up to  the  c r i t i c a l  v a l u e  of H 0 in the  c a s e  of the  c o r r e s p o n d -  
ing  d e p e n d e n c e  n2(II0) s i n c e  in the  c a s e  of the  s a m e  dependence  ner(II0) a t  t h i s  v a l u e  of o~ the  cond i t ion  (17) 
i s  a l w a y s  s a t i s f i e d .  

A c o m p a r i s o n  of the  v a l u e s  n c r  wi th  the  v a l u e s  n 2 and n 3 shows  tha t  the  e x i s t e n c e  of c r i t i c a l  m o d e s  of 
o p e r a t i o n  of  son ic  g a s  e j e c t o r s  wi th  c y l i n d r i c a l  c h a m b e r s  a c t u a l l y  can  be d e t e r m i n e d  by p r i g o g i n e ' s  t h e o r e m .  

A c o m p a r i s o n  of the  v a l u e s  n 2 and n 3 wi th  the  e x p e r i m e n t a l  v a l u e s  of n c r  o b t a i n e d  by I .  I. M e z h i r o v  
and G. I.  Taganov  (Fig .  5 a ) a n d  by G. L.  G r o d z o v s k i i  and A. F .  Ravd in  (Fig.  5b) l e a d s  to  the  s a m e  c o n c l u s i o n .  
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The f i r s t  of these  exper imental  values were obtained in the case  of a per iphera l  location of the e j ec t -  
ing jet and the second in the case of a centra l  location, and while the f i r s t  values agree  well with the c o r -  
responding calculated values of Yu. N. VasU'ev down to ncr  = 0 the second values differ  considerably f rom 
them in the region of large II 0. 

Cp, c v 
TO, PO 
Ot 

n 

H0 
P 
P 

S 
t 

Pmi  
S 

G 
B 

S u b s c r i p t s  

1, 2, 3 

4 

c r  

N O T A T I O N  

are  the specific heat capaci t ies  at constant p r e s su re  and constant volume; 
are  the stagnation t empera tu re  and p ressu re ;  
is the rat io of c ross - sec t iona l  a reas  of ejecting and ejected gas flows at entrance 
to mixing chamber;  
is the eject ion coefficient; 
is the veloci ty coefficient; 
is the rat io of stagnation p r e s s u r e s  of ejecting and e jected gases; 
~s the static p ressu re ;  
ts the entropy production; 
~s the total entropy of system; 
,s the time; 
,s the entropy production in e jec tor  mixing chamber;  
ts the entropy of a unit mass  of gas; 
~s the mass  flow rate;  
ts the specific gas constant; 

S u p e r s c r i p t s  

denote p a r a m e t e r s  of the ejecting and ejected gases  at the entrance to the mixing 
chamber  and of the gas mixture  at the exit f rom the mixing chamber  of the e jector ,  
respect ively;  
denotes p a r a m e t e r s  in the space where discharge f rom the mixing chamber  oc-  
curs;  
denotes the cr i t ica l  mode of e jec tor  operation; 
denotes the blocking section; 
denote the cases  when ?'3 < 1 and X 3 > 1, respect ively .  
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3. 
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